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Abstract 



We study the global existence of solutions to a two-component generalized 



Hunter-Saxton system in the periodic setting. We first prove a persistence 
result of the solutions. Then for some particular choices of the parameters 
p '■ (a, k), we show the precise blow-up scenarios and the existence of global solu- 

. tions to the generalized Hunter-Saxton system under proper assumptions on 

■ the initial data. This significantly improves recent results obtained in |46|I47| . 
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1 Introduction 

O ■ In this paper, we shall investigate the global existence of solutions to the periodic 



boundary value problem for a two-component family of evolutionary systems mod- 
eling fluid convection and stretching in one space dimension, 

d t m(t, x) + ud^rn + (1 — a) d^urn + k p d x p = 0, 

convection stretching coupling 



m{t,x) = -d 2 xx u(t,x), 
d t p+ ud x p = a u x p, 



convection 

,0f„\ „ffl ry\ — J) I 



m(0, x) = m°(x), p(0, x) = p°(x), x e S ~ K/Z, 
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where (1 — a) G R is the ratio of stretching to convection, and k denotes a real 
dimensionless constant that measures the impact of the coupling. 

This system was first studied in full generality by WUNSCH where it was 
coined the generalized Hunter- Saxton system, since for (a, k) = (—1, ±1) it becomes 
the Hunter-Saxton system |46j. The latter is a particular case of the Gurevich-Zybin 
system pertaining to nonlinear one-dimensional dynamics of dark matter as well as 
nonlinear ion-acoustic waves (cf. PAVLOV |39j and the references therein). 

It was noted by Constantin & Ivanov [10] that the Hunter-Saxton system 
allows for peakon solutions; moreover, LENELLS & LECHTENFELD |28j showed that 
it can be interpreted as the Euler equation on the superconformal algebra of con- 
tact vector fields on the 1 1 2-dimensional supercircle, which is in accordance with 
the by now well-known geometric interpretation of the Hunter-Saxton equation as 
the geodesic flow of the right-invariant if 1 (S) metric on the space of orientation- 
preserving circle diffeomorphisms modulo rigid rotations [25 ||27H29] (see also |llf - 
QSJEniEI] for related geodesic flow equations). 

The two-component Hunter-Saxton system is a generalization of the Hunter- 
Saxton equation modeling the propagation of weakly nonlinear orientation waves 
in a massive nematic liquid crystal (see Hunter & Saxton [22] for a derivation, 
and also [TH5|H5|H9]). since the former obviously reduces to the latter if the initial 
datum p° is chosen to vanish identically. It turns out that if this choice is made 
for arbitrary a G M, one arrives at the generalized Proudman- Johnson equation 
[T1 | [35 | [36 | [38 | H0 | H8] with parameter a = a — 1. Through this link, the family of 
systems (II .ip also bridges the rich theories for the Burgers equation [1] (a = —2) 
and the axisymmetric Euler flow in R d [551 HI] if a — 2/(<i — 1). We also remark 
that if one sets p = a/— 1 u x and n = —a, the system (II. ip decouples to give, 
once again, the generalized Proudman- Johnson equation [TJESIIIE] with parameter 
a = 2a — 1. Other important special cases of the generalized Hunter-Saxton system 
(II. ip include the inviscid Karman-Batchelor flow jBJEJEI] for a = —k = 1, which 
admits global strong solutions, and the celebrated Constantin-Lax-Majda equation 
|15| with a = —k = oo, a one-dimensional model for three-dimensional vorticity 
dynamics, which has an abundance of solutions blow-up in finite time. 

The Hunter-Saxton system (11.11) with parameters (a, k) = ( — 1, ±1) is the short- 
wave limit, obtained via the space-time scaling (x, t) t— > (ex,et) and letting e tend 
to zero in the resulting equation, of the two-component integrable Camassa-Holm 
system [T0JH6]. This system, reading as ( II. ip with m replaced by (1 — d^ x )u, has re- 
cently been the object of intensive study (see [TU |[TBl - [Tg|l2^ll55| l5 ^ [5T] ) . CONSTANTIN 
& IVANOV [TU] derived the Camassa-Holm system from the Green-Naghdi equations, 
which themselves originate in the governing equations for water waves |23| . 

One major motivation for studying systems such as the Camassa-Holm sys- 
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tern or the system (11. ip lies in their potential exhibition of nonlinear phenomena 
such as wave-breaking and peaked traveling waves, which are not inherent to small- 
amplitude models but known to exist in the case of the governing equations for water 
waves (prior to performing asymptotic expansions in special regimes like the shallow 
water regime), cf. [HI E31 SS] - In this context, it is of interest to point out that 
peaked solitons are absent among the solitary wave solutions to the Camassa-Holm 
system (cf. |34j), while they exist for the Hunter-Saxton system, see [10J. 

Another reason - and, indeed, the very incentive in [UJ and here - for analyzing 
the family of systems (II. ip . has its origin in a paradigm of Okamoto & Ohki- 
tani [36] that the convection term can play a positive role in the global existence 
problem for hydrodynamically relevant evolution equations (see also |21 [ I3"T ] ). The 
quadratic terms in the first component of (II. ip represent the competition in fluid con- 
vection between nonlinear steepening and amplification due to (1 — a)-dimensional 
stretching and K-dimensional coupling (cf. pOj). The stretching parameter a il- 
lustrates the inherent importance of the convection term in delaying or depleting 
finite-time blow-up, while the coupling constant k measures the strength of the 
coupling, and has a strong influence on singularity formation or global existence 
of the solutions. Recently, WUNSCH [47J proved that the first solution component 
breaks down in finite time if (a, k) G { — 1} x R_ and if the initial slope is large 
enough; moreover, he demonstrated, for (a,n) G [—1/2,0) x R_, that a sufficiently 
negative slope at an inflection point of u° will become vertical spontaneously. By 
analogy with the Constantin-Lax-Majda vorticity model equation [15] . the case of 
oo-dimensional stretching and coupling (i.e., a = k = oo) was shown to lead to 
catastrophic steepening of the first solution component u as well. 

Outline of results. The main purpose of this paper is to broaden our un- 
derstanding of solutions to (II. ip by proving rigorously that solutions for some par- 
ticular cases (e.g., (a, k) G { — 1,0} x R + ) can be global. In the preliminary Sec- 
tion HI we first recall the local-in-time well-posedness result of system (II. ip for 
(a, k) G R x R and provide a partial result on the rate of break-down at the origin 
for (a, k) G { — 1} x R_. In Section 3, we first prove a persistence result of solutions 
in H s x /P -1 , s > 2, for (a, k) G R x R. In Section 4, we derive some precise 
blow-up scenarios for the solutions in the case (a, k) G { — 1} x R + . In Section 5, we 
show the existence global solutions in H s x (only beyond a small regularity gap 
s G (2, §]) under proper assumptions on the initial data, which replaces the artificial 
assumption made in Section 3 that the gradient of the second solution component p 
be bounded. In Section 6, the global existence of sufficiently regular solutions when 
(a, k) G {0} x R + is discussed. 

Notations. Throughout the paper, § = R/Z shall denote the unit circle. By 
H r (S), r > 0, we will represent the Sobolev spaces of equivalence classes of functions 
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defined on the unit circle § which have square-integrable distributional derivatives 
up to order r. The if r (§)-norm will be designated by ||.||ijr and the norm of a vector 
b G H r (E>) x if r_1 (S) will be written as ||&||ir xH -r- 1. Also, the Lebesgue spaces of 
order p G [1, oo] will be denoted by L p (§>), and the norms of their elements by ||/||z,p. 
Finally, if p = 2, we agree on the convention ||.||l 2 =: ||-||; moreover, (., .) := (., .)^2 
will denote the L 2 inner product. The relation symbol < stands for < C , where C 
denotes a generic constant. 

2 Preliminaries 

We rewrite the system (11 .11) and consider the following problem with periodic bound- 
ary conditions in the remaining part of the paper: 

Utxx + (1 - a) u x u xx + u u xxx - up p x = 0, t > 0, x G M, 
Pt + u Px = ctu x p, t > 0, iGl, 

u(t, x + 1) = u(t, x), p{t, x + 1) = p(t, x) t > 0, x G M, 
^u(0,x) = u°(x), p(0,x) = p°(x), xeR. 

Remark 2.1. Integration in space of the u-equation in (12. ip yields 

u tx + uu xx - ^u 2 x - ^p 2 = a(t), (2.2) 

where the time- dependent integration constant a(t) is determined by the periodicity 
of u to be 



(2.1) 



a(t) = -- pdx — I u x dx. (2.3) 



Integrating in space once more, one gets 

(k a + 2 \ 
-p 2 + — + a J + h(t), (2.4) 

where d~ 1 f(x) := f(y)dy and h(t) : [0, +oo) M. is an arbitrary continuous 
function. 

We first recall a local well-posedness result of system ( 12. ip (cf. [4T] Theorem 2.1], 
see also [46, Theorem 4.1] for the special case a = — 1, n = 1). 

Theorem 2.1. Denote z = (u,p) tr . Given any z° = (u°,p°) tr G H S (E>) x #" -1 (S), 
•s > 2, /or (a, k) 6KxR, i/iere exists a maximal life span T = T(\\z°\\ H s xH s-i ) > 
and a unique solution z to system ( 12. ip t/iat 

z G C([0, T); H s (§) x H s -\§)) n (^([O, T); if'-^S) x # s - 2 (§)). 
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Remark 2.2. Following the arguments in fj^j , it is possible to show that the maxi- 
mal existence time T of the solution in Theorem \2.1\ can be chosen independently of 
the Sobolev order s. 

Lemma 2.1 (cf. [E]). For (a, k) 6 1 x M, let (u,p) be a smooth solution to system 
d2HJ>. Then 

d . . 3 , , f , (a + l)(a + 2) f „ , . 

— a (t) = --K(a + 1) / Ug.fr dx - - ^ / u x dx. (2.5) 

dt 2 J § 2 J s 

In particular, if (a, k) = { — 1} x R ; then ^a{t) = 0, which implies that the system 
enjoys a conservation law, namely, 

a(*) = a(0) = ~Kl| 2 -^M a (2-6) 

is constant for all t > 0. 

In contrast with the cases (a, k) G { — 1,0} x R + where we shall get global 
existence (see the subsequent sections), a slope of singularity of system (\2. ip has 
been obtained for the case (o£,k) G { — 1} x R_ (cf. [TTf Proposition 3.2]), however, 
no estimate on the blow-up rate was given there. In what follows, we provide a 
partial blow-up result at the origin x = with blow-up rate for solutions to ( 12. ip . 

Proposition 2.1. Let z(t,x) be a solution to (12. ip with parameters (a, k) G { — 1} x 

R_ and initial datum z° G H s x H s ~ l , s > 2. In addition, we assume that u° is odd 
with u x (0) < and p° is even with p°(0) = ; and that, moreover, 

||u°|| 2 + ^IIP°ir>0. (2.7) 

Then at the origin x = 0, u x (t, 0) blows up in finite time T (time of break-down at 
the origin). The blow-up rate ofu x (t,0) is 

lim {(T -t) u x {t,0)} = -2. 

t— >Tq 

Proof. First, we notice that u(t, .), p(t, .) remain odd or even, respectively, due to 
the algebraic structure of the equations in (12.11) . Observe next that 

p(t,0) = (2.8) 

for all times of existence. Indeed, one has 

d 

— p(t, 0) = -up x (t, 0) - u x p(t, 0). 

Note that the first term on the right-hand side vanishes since both u and p x are 
odd. Together with the assumption on initial data that p°(0) = 0, it proves the 
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claim (T2T8]) . 

Let us now set 

C(t) 0). 

The resulting ordinary differential equation for the evolution of ( reads as follows: 
|CW = -Wf + f P(f, 0) 2 + a(f) ® -|C(*) 2 + oW, (2 g) 

C(o) = C° = ti»(o). 

When a = —1, due to Lemma \2.1\ a(t) is a constant. Then by (12. 7p we know that 
a < 0. Thus, we have 



which implies 

As a consequence, 



it « ( > 5 ->> 



2C° 

m < • 



2 + cn 



lira C(t) = -oo. (2.10) 



For a(0) = — | ||p || — oll^SII — 0' the following chain of inequality holds 

- K0)| ~Kj t C(t) + \((t) 2 < W(0)\ + 1. (2.11) 
Because of (I2.10p . there exists a number e G (0, |) and a time i e such that 

at? > |a(0) £ ' + 1 > 0, VtG(t £ ,T ). 

Hence 

4- £< c(^s c(t)< 4 +£ - V(e fe r »). 

from which we glean, upon integrating from t > t £ to To, that 

1 1 1 

~2~ £< (Ml < ~2 +£ - 

We may thus conclude the assertion of the proposition, since e was chosen arbitrarily. 

□ 

Remark 2.3. It remains an open problem to determine the first time of break- down, 
since the ODE describing the evolution of m(t) := mf x u(t,x) is more involved than 
(I2.9p . and double-sided estimates of 4:m(t) - as in (12. lip - would require uniform 
bounds on \\p(t, .)||l°° (cf. jjj 7 ^ )- We observe that the rate of break-down we obtained 
is in accordance the one computed for the Camassa-Holm system fTB/ . 

Remark 2.4. For some special cases, the exact blow-up time Tq can be computed. 
For instance, 
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(i) \\u°\\ 2 = -k\\p°\\ 2 , then a(0) = 0. 

(ii) \\u° x \\ 2 = -K\\p°\\ 2 + 1, then a(0) = -§. 

In case (i), the explicit solution to (12. 9p with a(0) = reads 

T/ien £/ie blow-up time is given by 

T = -2/C° > 0. 
In case (ii), the explicit solution to (I2.9p a(0) = — | reads 

C(t) = tan ^arctan(C°) - |j < 0. (2.12) 

Thus the blow-up time of ((t) = u x (t,0) can be given exactly as 

T = 7r + 2 arctan(C°) G (0,tt). 

Even if the condition (12.71) does not hold, we can still construct some solutions 
that break down at the origin. 

Corollary 2.1. Letz(t,x) be a solution to (12. ip with parameters (a,n) G {-l}xl_ 
and initial datum z° G H s x H s ~ x , s > 2. In addition, we assume that u° is odd 
with u x (0) < and p° is even with p°(0) = 0. Moreover, if, instead of (12. 7p . we 
assume that 



«2(o) < 



U/0II2 _ ^11 n 0||2 
I "a; 1 1 o IIk 



(2.13) 



2" x " 2 

£/ien u x (t,x) blows up at the origin x = in finite time. The blow-up rate of u is 

lim {(T -t) «*(*,())} = -2. 

t— >-To 

Proof. Similarly to the proof of Proposition 12. 1[ we have 

j t C(t) = ~\atf + a(0) < -^CW 2 + |a(0)|. (2.14) 

Thus, if (g3SD holds > namely, C(0) < -(2|a(0)|)*, then ((t) < -(2|o(0)|)a for all 
t G [0, To), where To > is the existence time (ensured by Theorem 12. II) . By solving 
the standard Riccati type inequality (I2.14p . it follows that (cf. e.g., [18J) 

limC(t) = -oo, with < T < (2|o(0)|)-g In C ° - (2|a(0)l ^ , (2.15) 
*^ SV C° + (2|o(0)|)3 

The computation of the blow-up rate is now exactly the same as for Proposition 
EU □ 
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3 Persistence of solutions for (a, k) G R x R 



In this section, we consider the question of looking for a suitable bound on the 
solutions to (12. ip . which will ensure that the local solutions can be extended beyond 
the maximal existence time given by the local well-posedness theory in Theorem 12. II 
We first introduce some lemmata that are useful in the subsequent estimates: 

Lemma 3.1. [Kato-Ponce commutator estimate] Denote A = (1 — d 2 ) 1 ^ 2 . For 
s > 0, p G (1, oo), 

ll[A s ,/] v\\ LV < ll/xlU-IIA'-^Hi,, + ||A7|| L p||w|| l ^. 

Lemma 3.2. If s > 0, then H s D L°° is an algebra. Moreover, 

\\fg\\H° < \\f\\L°°\\g\\H' + ||/lk»||</IU«»- 

The main result of this section is as follows 

Theorem 3.1. Suppose (a, k) GlxK. For any z° = (u°,p°) tr G H S (E>) x H 8 " 1 ^), 
s > 2, let T be the existence time of the solution z = (u,p) tr to system (12.1ft 
corresponding to z°. If there exists a constant M > such that 

\K(tr)\\ L ™ + \\p(t r )h~ + \Mt r )\\ L ~ < M, Wte[0,T), (3.1) 

then \\z(t, ■)\\h s xH s - 1 is bounded on [0, T). 

Proof. In the proof, we perform only formal calculations which can, however, be 
justified rigorously using Friedrichs' mollifiers J t G OPS~°° and passing to the limit 
as e ->■ (cf. |321H2]). 

Step 1. Estimates for the first component u. 

For s > 2, we calculate that (using (12. 4p and taking h = 0) 

= 2(A s u u A s u) 

= -2(A s (uu x ),A s u) + (a + 2)(A s d- 1 (ul),A s u) 

+K(A s d- 1 (p 2 ),A s u) + 2(A s d~ l a,A s u) 
:= h + I 2 + h + h. 

The first term can be estimated as in [42J by using the Kato-Ponce estimate: 

= 2\([A S , u}u x , A s u) + (uA s u x , A s u}\ 

< 2\([A s ,u}u x ,A s u)\ + \(u x A s u,A s u)\ 

< ||[A s ,wK||||A s w|| + ||u a .||i«,||A"u|| 2 

< ||^||l°o||m||| s . 
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For the second term, we make use of the Kato-Ponce commutator estimate (Lemma 
[XT]): 

\I 2 \ < \a + 2\\\(u x ) 2 \\ H s-i\\\\u\\ H s 

< \a + 2\\\u x \\ L ™\\u x \\ H s-i\\u\\ H s 

< \a + 2\\\u x \\ L ^\\u\\ 2 Hs . 

Similarly, we can bound the third term involving the density p by 

l J s| < |/c|||p 2 ||h.-i||||u||h« < I«I||pIU»||p||h-i|||H|h« 
^ I«IIIpIU-IIpII^-i + I«IIIpIU«||w||h.. 

Since the quantity a(t) only may depend on the time variable (cf. (12. 3p and 
Lemma l2.ip . we have A 2r (ax) = ax for any r > being an integer. Therefore, we 
can bound I4 as follows: 



\h\ = 2^A s - 2 i^(ax),A s u^ 



< \\ax\\ H i\\u\\ H s < |a|||u||ji- s 



A combination of the estimates for Ii, I4 implies the following inequality: 

^IMIj^ < [(l« + 2 I + i)lkx||L« + MIIpIU°°]IMIhs + l a IIMk s 

+l*IIM|L-l|p|l!r-i- (3-2) 

Step 2. Estimates for the second component p. 
We calculate that 

d " " 2 = 2a(A s ~\u x p),A s - 1 p)-2(A s - 1 (p x u),A s - 1 p) 

:= Ji + J 2 . (3.3) 



dt urAH 



The first term J\ can be estimated like I2 by Lemma [3.21 
\Ji\ ^ \a\\\u x p\\ H s-i\\p\\ H s-i 

< \a\(\\u x \\ L ~\\p\\ H s-i + IIpIIl-II^II^-OHpII^-i 

< l«l(IKI|^ + ||p||^)(||«||^ + |H|^- 1 ). (3.4) 
Then we apply by the Kato-Ponce estimate (Lemma 13. ip to J 2 : 

\J 2 \ = 2\([A s ~\u]p x ,A s - 1 P ) + (uA s - l p x ,A s - 1 p}\ 

< 2\([A s -\ u}p x , A s -V)| + |(u a A'-V,A-V)| 

< ||[A- 1 ,i»] AB ||||A-V|| + ||ti,||i^||A- 1 p|| 2 

< kiIl-iia-^iiha-VII + IkllL-IIA-^IIIIA-VH 
+||mx||l-||a^ 1 pII 2 

< n« :c |i^||A- l p|| 2 + i|p,iUo ||A s - i u ||||A s - l p||. (3.5) 



It follows from (13. 3 j) - ( 13. 5 P and the Holder inequality that 

4lMl!r-i ^ K 1 + M)IKIU« + |a|||p|U« + ||p*IU<»](||«||lr« + ( 3 - 6 ) 
Combining (13. 2p and ( 13. 6p . we can see that 

^(Hh» + IMHr-0 
< [(1 + |a| + | a + 21)11^1^00 + (|a| + |«|)||p|U» + \\Px\\l°° + \a\] 

x(N| 2 H S + ||p||^-i) + |a|. (3.7) 

From the definition of a(t), we infer that 

\a(t)\ < l - \k\ \\p(t, 0||i« + \ \a + 2| \\u x (t, OHi— (3.8) 

Remark 3.1. We note that when a = —1, \a(t)\ is a constant that can be controlled 
by ||w°||, and \k\. 

Under the assumption (13.11) . for t G [0, T), it holds 
-(WuP ' """ 2 

dt 



u \\h° + UPUH'-i- 



< [(1 + |a| + \a + 2| + |«|)M + {\a + 2| + M)M 2 ] + \\p\\ 2 H s-i) 

+ (|a + 2| + \k\)M 2 . 

By the Gronwall inequality, we see that \\(u, p) tr \\H s xH s -' i - is bounded for t G [0,T). 
The proof is complete. □ 



4 Blow-up scenarios for (a, k) g { — 1} x M + 

In Section [31 we have shown a persistence result for all (a, k) G K x M. Concerning 
the interested case of (a, k) G { — 1} x IR + , we can prove the precise blow-up scenarios 
for regular solutions. 

Lemma 4.1. Suppose that (a, k) G { — 1}xR + . Given any z° = (u°,p°) tr G H s (E>)x 
.£P _1 (S), s > 2. For the solution z = (u,p) tr of system (12. ip corresponding to z° , 
we have 

||p(t)|| 2 +IK(t)|r<C(||p°||,K||), Vt>0. (4.1) 

Moreover, 

IK*)|| <C(r,|| M °|| H1 ,||p ||), te[o,T). (4.2) 

Proof. Estimate (14. ip follows from Lemma 12.11 and the facts that a = —1, k > 0. 
For the proof of (14. 2p . we refer to [46, pp. 653]. □ 
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Let u(t, x) be the solution of ( 12. ip . We consider the initial value problem for the 
Lagrangian flow map: 

d t <f(t, x) — u(t, <f(t, x)), ip(0,x)=x. (4.3) 
It is well-known that (cf. e.g., [32j) the following lemma is valid. 

Lemma 4.2. Let u G C([0,T);H s ) n C\[0,T); H 8 - 1 ), s > 2. Then problem (143]) 
admits a unique solution x G C 1 ([0,T) x §;§). Moreover, {f(t, -)}t^[o t T) is a family 
of orientation-preserving diffeomorphisms on the circle § and 

cp x {t, x) = eti «*(».¥>(«.*))* > Qj ^ ^ e ^ T ) x g> ^ 

Moreover, if a = —1, in analogy to [16, Lemma 3.4], we can show that 

Lemma 4.3. Suppose that (a, k) G {— 1} x R + . Given any z° = (u° , p°) tr G -£/~ 2 (§)x 
iJ 1 (§). Let z = (u,p) tr be the solution to system (12. ip corresponding to z° on [0,T). 
We have 

pit, (p(t, x))(p x (t, x) = p°{x), V(t, x) G [0, T) x S. (4.5) 
Moreover, if there exists Mi > such that u x (t, x) > —Mi /or a// (t, x) G [0, T) x §, 

||p(V)IU~ = \WMt>')\\v» <e MlT ||p°(-)IU-, *e [0,T). (4.6) 

Theorem 4.1. Suppose that (a, k) G { — 1} xR + . For any = (u°,p°) tr G if 2 (§) x 
i/ 1 (§), Ze£ T &e £/ie maximal existence time of the solution z = (u,p) tr to (12. ip 
corresponding to the initial datum z° . Then the solution blows up in finite time if 
and only if 

liminf-finf uJt, x)\ = — 00. (4.7) 

Proof. Consider the equation describing the dynamics of p(t,x) in (12. ip . and differ- 
entiate it once in space 

Pxt + up xx + 2u x p x + u xx p = 0. (4.8) 

Multiplying the first equation in (12.11) by u xx , and (14. 8p by p x , upon adding the 
resultants together, we deduce that 

\dt{u 2 xx + pi) + 2u x (u 2 xx + p 2 x ) + ^ud x (u 2 xx + pi) + (1 - k) PPx u xx = 0. (4.9) 
Integrating in space and using the periodic boundary conditions, we have 

j t (\\u xx \\ 2 + \\ Px \\ 2 ) 

Js Js 

< -3 u x (u 2 xx + p 2 x )dx + \1 - K\\\p\\ Lx (u 2 xx + p 2 x )dx. (4.10) 
Js Js 
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Assume that there exists Mi > such that 



u x (t,x) > -Mi, V (t, x) G [0, T) x S. (4.11) 
Then it follows from (0~6]) and (TCTOj) that 

^ (IMI 2 + Hp.II 2 ) < (3Mx + |1 - «|e MlT ||p || iO c) (\\u xx \\ 2 + \\p x \\ 2 ) . (4.12) 
By Gronwall's inequality we have 

IK,(t)H 2 +l|p,(t)|| 2 < (IkLir + llpSlI 2 )^ 3 ^ 11 -^ 11 ^ 11 -)*, te[0,T). (4.13) 

This and Lemma 14.11 ensure that the solution z does not blow up in finite time. 

On the other hand, by Theorem 13.11 we see that if (14. 7p holds, then the solution 
will blow up in finite time. The proof is complete. □ 

Lemma 4.4. Suppose that (oc,k) G {-1} x R + . Let z° = (u°,p°) tr G H S (S) x 
.£P _1 (8), s > 2, and let T be the maximal existence time of the solution z = (u,p) tr 
to (12. ip with the initial datum z° . If there exist two constants Mi, M2 > such that 

u x (t,x)>-M 1} \\p x (t, -)\\ L oo <M 2 , V (t, x) G [0, T) x S, (4.14) 

then ||z(t, •) Whsxh*- 1 will not blow up infinite time. 

Proof. Under our current assumption (14.141) . it follows from the argument in The- 
orem |4J] that ||z||_h-2 X #i is bounded for all t G [0,T). By Sobolev's embedding 
theorem, we can see that Hi^Hl^ and UpHl 00 are also bounded. Then our conclusion 
easily follows from Theorem 13.11 □ 

Now we show a first precise blow-up scenario for sufficiently regular solutions: 



Theorem 4.2. Suppose that (a, k) G {-1}xR + . For any z° = (u°,p°) tr G H S (S) x 

5 

2- 



H s 1 (E>), s > | ; let T be the maximal existence time of the solution z = (u, p) tr to 



(12. ip with initial datum z° . Then the corresponding solution blows up in finite time 
if and only if 

liminf {inf u x (t, x)} = — 00, or limsup \\p x (t, = +00. (4-15) 

Proof. By Lemma T4.4[ we can see that if there exist Mi, M 2 > such that assump- 
tion (I4.14p are satisfied, then ||z||^s x ^ s -i will not blow up in finite time. On the 
other hand, by Theorem 13. II and Sobolev's embedding theorem, we see that if (I4.15P 
holds, then the solution will blow up in finite time. The proof is complete. □ 
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We note that a blow-up scenario similar to Theorem 14.21 that involves the con- 
dition (I4.15P was obtained for regular solutions to a two-component Camassa-Holm 
equations (cf. e.g., [16]). Later in [51], the authors obtained an improved blow-up 
scenario that only needs the condition on one of the component (i.e., (14.71) for u). 
In what follows, we derive an improved blow-up scenario for our two-component 
Hunter-Saxton system, which shows that the assumption (14. 7p . is actually enough 
to determine wave breaking of the regular solutions (s > |) in finite time. The key 
observation is that the quantity Hp^lU 00 can be controlled by the lower-bound of u x . 

Theorem 4.3. Suppose that (a, k) G {-l}xl + . For any z° = (u°,p°) tr G -£P(§) x 
.£P -1 (§) ; s > |, let T be the maximal existence time of the solution z = (u, p) tr to 
(12. ip with initial datum z° . Then the corresponding solution blows up in finite time 
if and only if (14. 7p holds. 

Proof. Using the Lagrangian flow map, we set 

M(t, x) = u x (t, <p(t, x)), 7(t, x) = pit, <p(t, x)), 

N(t, x) = u xx (t, <f(t, x)), zu(t, x) = p x (t, <f(t, x)). 
It follows from P~9~j) that 

d t (N 2 + w 2 ) + AM(N 2 + w 2 ) + 2(1 - k^zuN = 0. (4.16) 

Then we have 

d t (N 2 + w 2 ) < (-4M+|l-K||| 7 || i o )(Ar 2 + u7 2 ). (4.17) 

Assume that there exists Mi > such that (14. lip holds. Then it follows from (14. 6 j) 
and ( HTTP that 

j {N 2 + w 2 ) < (4Mi + |1 - K\e AhT \\p°\\ L ~) (N 2 + w 2 ) . (4.18) 

By GronwalFs inequality and the Sobolev embedding theorem (s > |), for all (t, x) G 
[0, T) x S, we have 

N(t,x) 2 + w(t,x) 2 

< + II^JIW e( Wl+|1 -^ lT|l ^ Bi -> 

< C {\\u°\\% + ||p°||^-i) e^+l 1 -"!^!^!!^)*. (4.19) 
In particular, this implies that there exists a constant M2 > such that 

\\p*(t,-)\\ L ~ <M 2 , VtG[0,T). (4.20) 

Thus, the condition (I4.14p made in Lemma [4.41 is now satisfied, and as a result, we 
conclude that \\z(t, ^Wh^xH"- 1 w iU n ot blow up in finite time. 

On the other hand, by Theorem 13.11 we see that if (14. 7p holds, then the solution 
will blow up in finite time. The proof is complete. □ 
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5 Global existence for (a, k) G {—1} x K.+ 



We remark here that the assumption (13. ip is somewhat artificial: There is no rea- 
son to assume that -)IU°° actually stays bounded in time (but note that this 
assumption was also made in [16j for the 2-component Camassa-Holm equations). 
It turns out, however, that we can dispense with (13.11) if we impose some sign con- 
dition on the initial datum p°. Our results show that if p°(x) keeps its sign for 
all x G S, then existence of global solutions to system (12. ip will be guaranteed for 
(a, k) G {—1} x R + . Besides, in the previous work [47J, a smallness condition on 
the quantity ||u°|| 2 + ft||p°|| 2 was required to obtain the (global-in-time) lower-order 
estimate of the solutions. In what follows, we improve the former results by showing 
that only the sign condition of the initial data can ensure the existence of regular 
solutions of our system. 

5.1 Global existence in H 2 x H 1 

Theorem 5.1. Suppose that (a,K) G { — 1} x R + . Given any z° = (u°,p°) tr G 
H 2 (E>) x iJ 1 (§), if we further assume that 



then the solution z = (u, p) tr to system (12. ip corresponding to z° is global. 

Proof. It suffices to get some uniform a priori estimates for the solution (u,p) tr . 
Step 1. Estimates for ||p||l°° and || 
Using the Lagrangian flow map, we set 

M(t, x) = u x (t, tp(t, x)), j(t, x) = p(t, ip(t, x)). 

Then we have (cf. [HflHSlSZI) 

M t (t,x) = ~M 2 (t,x) + ^(t,x) 2 + a, -y t {t,x) = -M(t,x)'y(t,x). (5.2) 

By the assumptions (15. ip . we infer from (I4.4p and (14. 5 p that if 7(0, x) > (or 
7(0, x) < 0) then j(t,x) > (or j(t,x) < 0) for t G [0, T). Thus, we can construct 
the following strictly positive auxiliary function (cf. [TU|I45]) 



p°(x) > 0, or p°(x) < 0, 



(5.1) 



w(t,x) := «7(0, x)^{t, x) + 



[1 + M(t,x) 2 ]. 
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Computing the evolution of w, we get 

d t w(t,x) = K1 (0,x)dMt,x)--^^dMt,x)[l + M(t,x) 2 ] 

'yyt, x) 

+2 7^±M(t,x)d t M(t,x) 
7 (£, x) 

= -« 7 (0, x) 7 (t, x)M(t, x) + ') - ; 7 (t, x)M(t, x) (l + M 2 (t, x)) 

7 (r, x) z 7 

7( °' X) -M(t, x) 3 + «^4M(t, x) 7 (t, x) 2 + 2a^4 M (t, x) 



7 (t,x) '' ' 7 (t,x) ' ' ' " ' 1f(t,x) 

= (l + 2a)^4l(i,4 
7 (t,x) 

The last quantity can be estimated by 

(l + 2|a|)^|||M(t,x)| < (l + 2|a|)^||(l + M 2 (t,x)) 

< (l + 2\a\)w{t,x). 

By Gronwall's inequality, we obtain 

w(t, x) < w(0, x) e (1+2|a|) ', t E [0, T), (5.3) 
which together with (12.61) implies the following estimate 

IM*)IU~ + K(*)IU~ < ^,||p°IU~,KIU~) 

< C(T,\\p \\ m ,\\u \\ H2 ). (5.4) 

Step 2. Estimates for ||m||h 2 and HpHh 1 - 
It follows from Q)| that 

^ (Kail 2 + IIp.H 2 ) < (3||u s |U« + |1 - «|||p|U«») (ll^f + ||p z || 2 ) . (5.5) 
By Gronwall's inequality we have 

\\u xx (t)\\ 2 + \\ Px (t)\\ 2 < e ( 3 IKII- + l 1 - K lll"H-)*(||u°J| 2 + ||p°|| 2 ), 
which together with (15.41) and Lemma [4.11 yields that 

\\um^ + \\pm 2 m<C(T,K,\\p \\ m ,\\u°\\ H2 ), te[0,T). (5.6) 

□ 

Remark 5.1. We notice that, for k — 1, one only needs a bound on \[U x (t, .)||l°° to 
get the uniform estimate (15. 6p . Besides, in contrast with fjo] Proposition 6.1], we 
have shown that in order to have global existence in H 2 x H l , one does not need to 
impose certain smallness assumptions on the initial data, and it only requires that 
p° is strictly nonzero (cf. (15. ip ). This follows from an idea of fTSlj . 
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5.2 Global existence in H s x H 



s-l 



Theorem 5.2. Suppose that (a,n) G { — 1} X IR + . Given any z° = (M°,p°)*' r G 
H S (E>) x _fP _1 (§), s > | f/iat satisfies (15. ip . Assume that T is the existence time of 
the solution z = (u,p) tr to system ( 12. Q corresponding to z° . Then \\z(t, ■)\\h s xH s - 1 
is bounded on [0,T). 

Proof. The key point is how to estimate Hp^IIl 00 ; which is the main difficulty for the 
second term in the last line of (13. 5p . 

By the Gagliardo-Nirenberg inequality, we see that 



llAclU- ^ \\p\\ P H s-i\\p\\ L J? + IHU°°, P = —^j 

S 2 



urrUL „ < IUI p _ . UnW 1 -? 

and 

IIA 8 - 1 ^!! < \\A s - 2 u x \\ + \\u\\ m 



s- 5 



< \\A S 1 u x \\ q \\u x \\ 1 L J + \\u x \\ L ™ + \\u\\ H i, q= 1 

S ~ 2 

Remark 5.2. VKe notice that p + q = 1 and p > /or all s > §. // we ta£;e s > ~, 
i/jen p G (0, 1) and as a result, q G (0, 
of the Gagliardo-Nirenberg inequality. 



2 ■ 

then p G (0, 1) and as a result, q G (0, 1). We note that s = | is an exceptional case 



In what follows, we assume that s > |. The second term in the last line of (13. 5ft 
can be estimated as follows 

ll/jbll^llA-HiHIIA-Vll 
^ (IIpII1- p IIpIIS P i + IHUHIpII^-OGMI^IKIIl- + |KIU«. + \\u\\m) 

< IMfcl^llUII** + IIA-0 + llpfclp|l^(IHI^ + iHiaa) 
+||p|U°°||p|k s - i (lklk s + \\u x \\l°° + NIjtO 

< (||p|U» + ||w a! |U»)(||w||H. + ||p|lH.- 1 ) 

+ l|p||^-0(IHk~ + NkO- (5-7) 

As a result, we conclude from (13. 5p and (15. Tj) a new estimate for J 2 : 

1^1 < (IHk» + IKIk»)(IHIfr. + l|p|lH.- 1 ) 

+(IHU» + ll«IU0(llp|li« + WpWhs-i)- (5-8) 

It follows from ( 13 .3[) . ( 13. 4p . ( 15. 8 p and the Young inequality that 

^IIpII^- 1 ~ + IIpIU-)(II«IIh. + IIpII^-0 

+(\\u x \\ L ~ + + IkHn-O- (5-9) 
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Combining (13. 2p and ( 15. 9p . we can see that 
^(ll w lllr« + llPlliff— ~ [|KIU°° + (N + ^IIpIU 00 + \\ u \\iP- + k|] 

x (ll M ll^ + IIpII^— + (IKIIl- + IMIhOIIpIIl- + M 



Since a is now a constant (cf. Lemma |2~TP . and is bounded by ||tt°||#i, ||p°|| 

and T (cf. Lemma 14. ip . it holds 

^(11*. + \\p\\hs-i) < Ci(IKIU~ + HpIIlcc + i)(||«||lr. + ||p||h-0 

+C 2 ||p||l«, + C 3 ||u a! ||£«»||p||l» + C4, (5.10) 

where C{(i = 1,...,4) are positive constants that may depend on ||tt°||#i, and 
k, moreover, C\, C2, C3 may also depend on T. 

We have known that if (u°,p°) G H 2 x H 1 , there exists a constant K > such 
that (cf. (JS3D) 

IM*)IU~ + IIp(0IU~ <K, VtG [0,T). 
By the Gronwall inequality, we obtain that for all t G [0,T): 

\Ht)\\ 2 Hs + \\p(t)\\ 2 H^ < e^^^(||nl^ + ||pl^-0 + C2 ^ ( ^ 1 3 ) +C4 - (5.H) 

□ 

Remark 5.3. Comparing Theorem 15.11 and Theorem 15-4 we can see iaai iaere 
a gap, namely, s G (2, |]. One possible reason is that, for the case s = 2, there is 
a special structure in the derivation of the evolution ( 14. 9p . However, for general s, 
one has to deal with the term ( 15. 7p in J 2 by using proper interpolation inequalities, 
which excludes the case s G (2, |]. 



6 Global existence for (a, k) G {0} x R + 

From Lemma 12. 1[ we see that a very important property for the case (a, n) G 
{ — 1} x M + is the conservation law for the quantity a(t), which can be bounded 
by \\ u x\\> \\P°\\- However, this nice property may be lost for other choices of a (cf. 
Lemma l2.ip . This fact leads to a different procedure to prove that solutions exist 
globally. 

Theorem 6.1. Suppose that (a,K) G {0} x R + . Given any z° = (u°,p°) tr G 
H S (E>) x i/ s_1 (S) ; s > 3, we assume that p° satisfies the sign condition (15. ip . and 
T is the existence time of the solution z = (u,p) tr to system (12. ip corresponding to 
z° . Then \\z(t, ^Wh'xH'- 1 ^ s bounded on [0, T). 
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Proof. Step 1. Estimates for ||p||l°°, 

Now for a = 0, we no longer have the conservation law for a(t) (cf. Lemma 
12. ip . As a result, we lose the control of \\p\\, \\u x \\, in contrast with the case a = — 1 
(see Lemma f4.ip . Fortunately, however, the equation for p now is just a transport 
equation, which implies that 



Hp(V)IU~ = IIp°IIl~<C7(||p ||^), te[o,T). 

Besides, it follows from [47, Proposition 4.1] that for t € [0, T), 

8wpu x (t,x) < C(||u°||h3, ||p°||^2, k,T), 



\u x (t)\\ < C(\\u \\ HS ,\\p°\\ H i,K,T). 



(6.1) 

(6.2) 
(6.3) 



Multiplying f)2.4p by u, integrating over the circle, we have 
1 d || || 2 



-p 2 + u 2 x + a(t) J cfx + h{t) I udx 



It follows from (IQl. (ESD that 



^p 2 + w 2 + |a(t)| ) (/.'• 



1 2 



• (6-4) 



|a(*)l < + IKWII 2 < C(\\u°\\ H s, \\p°\\ H i, K ,T), Vt E [0,T), (6.5) 



which yields 



|n| 2 <C(1 + H| 2 ) + C<', 



(6.6) 



where C is a constant depending on h(t) and C" is a constant depending on ||w°||#3, 
||p°||#2, T and /t. By the Gronwall inequality and (16.31) . we see that 



\u(t)\\ H i <C(\\u \\ H3 ,\\p°\\ H 2,K,T), te[Q,T). 



(6.7) 



Recalling the functions M, 7 introduced in the proof of Theorem 15.1} in our 
present case we have 



d t M(t, x) = - 7 (t, x) 2 + a{t), d a {t, x) = 0. 
Then we compute the time derivative of 

w(t, x) = «7(0, x) 2 + (1 + M(t, x) 2 ) 

such that 



(6. 



d t w = 2Md t M = (k 7 2 + 2a)M 



< -Y 1 + M z ) + a (1 + AT) < - 7 Z + a 



/v 



(6.9) 
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It follows from the Gronwall inequality, (16. ip . (16. 5p . and the definition of w that 

K(V)IU~ < Cdlw !!^, II^H^^^T), t G [0, T). (6.10) 
Step 2. Estimates of ||p||# s -i (s > 3). 

Since now s > 3 > |, we can check the calculations step by step in the proof 
of Theorem 13.11 and Theorem 15.21 to see that the inequality ( I5.10P still holds in the 
present situation (i.e., (a, k) G {0} x R + ). However, due to (16. 7p . the constants 
C±, ...,C± in (I5.10P depend on ||w ||#3, ||p°||#2, k and T. By the Gronwall inequality 
and ( 16. ip . ( I6.10p . we obtain that for all s > 3 and t G [0, T): 

ll«(*)ll!r. + IIp(*)II2t.-i < C(\\A\h°, \\p°\\ h ^,k,T). (6.11) 

The proof is complete. □ 

Remark 6.1. In Theorem \ 6.1\ we assumed that s > 3. This is because in order 
to obtain the estimate (16. 2p . one has to make use of an abstract lemma due to 
CONSTANTIN & ESCHER JB/ which requires that u x G C^QO, T]; H 1 ), i.e., z° G 
x H 2 (cf. e.g., g7/). 
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